Abstract: Bulk silicon possesses no second-order susceptibility (χ (2) ), inhibiting secondorder nonlinear processes in the emerging silicon photonic platform. Here, we propose a method to overcome this limitation by enabling a third-order (χ (3) ) nonlinear mixing scheme between optical waves and an externally applied static electric field inside a silicon waveguide. We show in theory that facilitated by a modal phase-matching scheme efficient second-harmonic generation can be realized under an applied voltage of 65 V, giving rise to an equivalent χ (2) = 4.7 pm/V. We also show that unlike the classical second-harmonic generation, the wavelengths of phase-matched pump and second-harmonic waves are pump-power dependent due to the χ (3) nature of this process.
Introduction
As the complementary metal-oxide semiconductor (CMOS) photonic platform getting mature, the concept of nonlinear lab on a silicon chip is attracting more and more research interests. The ultrasmall mode size (on the order of μm 2 ) of a silicon photonic nanowire, making feasible a high optical pump intensity at low input powers [1] , [2] . Coupled with its large third order nonlinear susceptibility, the silicon photonic nanowire has enabled researchers to investigate various nonlinear effects using ultrafast lasers [3] , [4] . However, owing to silicon's inversion symmetry, the second-order nonlinear susceptibility cannot be exploited in bulk silicon. Therefore, second-order nonlinear effects, e.g., second-harmonic generation (SHG), spontaneous parametric down conversion, etc., are hardly studied and reported in conventional silicon photonic devices.
Considerable efforts have been devoted to realize second-order nonlinearity in silicon photonic devices. For instance, the surface of bulk silicon, where the silicon's inversion symmetry is naturally broken, can be used to generate second-order nonlinear response [5] , [6] . However, the effective second-order nonlinearity in this case is confined to a few atomic layers near surface, and thus, it is often very weak. Straining bulk silicon to break its inversion symmetry is another feasible approach to induce second-order nonlinear response [7] - [9] . In this case, an effective control and/or tuning of second-order nonlinearity in experiment is often difficult.
Waveguide Design
In this paper, we propose a new approach to generate effective second-order nonlinearity in a silicon waveguide by applying an external static electric field across it. Our proposed configuration consists of a silicon channel waveguide and two nearby parallel gold electrodes, which are all buried in silicon dioxide as shown in Fig. 1(a) . The silicon waveguide has a fixed height of 400 nm and two electrodes (500 nm × 400 nm) are separated by 2.5 μm to reduce their interaction with the optical modes in the silicon waveguide. Silicon's intrinsic third-order nonlinearity χ (3) in this configuration facilitates four-wave mixing according to P ∼χ (3) . . .e l e m e n , where e l , e m and e n represent electric fields of three input interacting optical waves, and P represents the generated nonlinear polarization of the fourth wave. SHG in the silicon waveguide can occur when one of the input optical fields is a static electric field [10] - [12] .
Typical static electrical field induced under an applied DC voltage is illustrated in Fig. 1(b) . Clearly, the field inside the silicon waveguide has a dominant component parallel to the silicon dioxide substrate. Hence, quasi-TE modes are preferred for a better overlap with the static field and thus better utilization of the silicon's third-order nonlinearity [13] to generate SHG. A modal phase matching scheme between the waveguide's quasi-TE 00 mode (fundamental pump) and quasi-TE 20 mode (second-harmonic wave) is used in this study. A typical example of the fundamental pump wave and the corresponding second-harmonic wave is shown in Fig. 1(c) and (d) , respectively.
The width of the silicon waveguide is swept from 800 nm to 900 nm to find out an appropriate modal phase-matching condition. Our wavelength of interest for the fundamental pump is between 2300 nm and 2500 nm, where the lower limit helps to avoid silicon's two-photon absorption while the upper limit to avoid excess absorption in the silicon dioxide. The calculated dispersion diagram for the pump and the second-harmonic wave for three typical waveguides are plotted in Fig. 2 . Specifically, the width of 830 nm can support the phase matched pump and second-harmonic waves at wavelengths of 2389.5 nm and 1194.75 nm respectively. It is used as a representative example to investigate SHG process. 
Theoretical Model and Simulation Results
To characterize the SHG process in our proposed scenario, the theoretical model outlined in [14] - [16] is adapted resulting in the following coupled nonlinear Schrödinger equations (NLSE) for the fundamental wave and second-harmonic wave.
Here, the subscript j = F, SH, D corresponds to the fundamental pump wave, second-harmonic wave and static electric field, respectively, u j is the normalized pulse envelop, β j n is the nth order dispersion term, n j si is the refractive index of bulk silicon, v j g is the group velocity, P F is the peak power of the fundamental wave, A 0 is the area of the waveguide cross section, and α j ln is the linear loss inside the silicon waveguide, and k 1 = 2β F −β SH describes the linear phase mismatch. α j F C and δn j F C are free carrier absorption (FCA) and dispersion [17] . κ is the power confinement:
where n(r ) is the index in transverse plane, and e j ≡ e j (ω, r ) is the electric field distribution of the waveguide mode. In addition, is the waveguide effective third-order nonlinearity defined as where
is the average angular frequency, for only the degeneratedχ (3) (−ω j ; ω j , −ω j , ω j ) for silicon is readily available in literature [10] .
Free carrier density is governed by cross two photon absorption (X-TPA) between the fundamental pump and second-harmonic waves and degenerate TPA of the second harmonic wave. Since in our case the SHG efficiency is limited by the linear loss to a few percent as discussion later, the dynamics of free carrier density is dominated by X-TPA and can be expressed as
A hyperbolic-secant pulse is used as the fundamental pump wave and its temporal width is set to be 1 ns to reduce the walk-off between the pump wave and second-harmonic waves. The above coupled NLSEs [see (1a) and (1b)] and carrier rate equation (4) are solved using Runge-Kutta method [18] . As shown in Fig. 3(a) , which plots the SHG peak efficiency (defined as the ratio between the peak power of the generated second-harmonic wave and the input fundamental pump wave) as a function of propagation distance at three different static electric field levels, the SHG process will be more efficient under a stronger static electric field level. Therefore, the peak static electric field used in the silicon waveguide in our following discussion is set below the breakdown field of silicon [19] to a value about 30 MV/m (corresponding to an applied voltage of 65 V), and the propagation loss of all the optical waves is set to an experimentally feasible value, 1 dB/cm [20] .
The input fundamental pump intensity is varied to study its impact on the SHG efficiency. Several representative scenarios are investigated and discussed as follows. In the first scenario as shown in Fig. 3(b) , where the pump peak power is fixed at 13 W, the peak SHG efficiency is found to be reasonably large with a value about a few percent for all three different waveguide lengths. All pump wavelengths at the peak of the SHG efficiency are found to acquire a red shift from the calculated phase-matched wavelength shown in Fig. 2 . This effect is attributed to the negative nonlinear phase shift existing between the fundamental wave and the second-harmonic wave via Kerr effect (selfphase modulation and cross-phase modulation), which can be compensated by having a slightly red-shifted pump wavelength. Notice that increasing the waveguide length by 5 times, i.e. from 2 mm to 10 mm, reduces the amount of red shift of the peak wavelength but barely changes the peak SHG efficiency. This is mainly due to a gradually decreasing pump intensity with the increasing length of propagation in the presence of linear and nonlinear propagation losses. It impacts the underlying SHG in two ways: 1) causing less nonlinear phase shift, which directly translates into a reduced red shift, and 2) reduced SHG efficiency. Furthermore, the wavelength bandwidth for SHG is reduced as the waveguide length increases. This is a common effect routinely observed in nonlinear processes where a phase-matching condition is required.
Next, the pump-power dependent SHG process is investigated and the peak SHG efficiency for a 3 mm silicon waveguide is recorded and plotted in Fig. 3(c) . It indicates that for low pump powers (e.g., <1 W), where there is negligible nonlinear loss coming from X-TPA and FCA, the SHG efficiency scales nearly linearly with the pump power and the wavelengths of the peak SHG efficiency match well with that predicted by the phase matching curve shown in Fig. 2 . This finding is consistent with a classic picture for a χ (2) SHG model involving material second-order nonlinearity [21] . For high pump powers, the result shows a very different picture. The SHG efficiency in this case increases sub-linearly with the pump intensity before it reaches a maximum about 4.2% and then starts to drop. This behavior is a direct outcome of the competition between the generation and annihilation rate of the second-harmonic photons, both of which are highly dependent upon the pump power along the waveguide. Notice that SHG conversion efficiency as high as tens of percent can be achieved in traditional χ (2) materials such as LiNbO 3 [22] . These materials, however, face serious compatibility issues with modern planar microfabrication processes and integration issues with other chip-based optical components. For photonic integrated platforms [8] , [23] - [25] , we have found efficiency around a few percent in a non-resonant structure is on the high side. The pump-power dependent SHG efficiency spectra reveal another unique feature of this static electric field assisted SHG process. As shown in the figure, the peak SHG wavelengths stay the same at the low pump powers, but starts to acquire a noticeable red shift at high pump powers, which is unique to this silicon waveguide configuration employing χ (3) nonlinearity and is not commonly found in the classic χ (2) SHG model [21] , [26] , [27] . Nevertheless, fitting the linear region of the pumppower dependent SHG efficiency using the classical χ (2) SHG model [26] yields an equivalent scalar χ (2) = 4.7 pm/ V in our case. Although this value is small compared with that of commonly used χ (2) materials, e.g., LiNbO 3 [28] , our study here clearly illustrates that a high SHG efficiency can be readily attained thanks to an enhanced pump intensity resulted from silicon waveguide's ultra-small modal size. Nevertheless, the turn-around behavior of the SHG efficiency with pump power here suggests that using a high pump power is not the best option for achieving high efficiency. In fact, as seen in Fig. 3(d) that plots the SHG efficiency as a function of waveguide length for a range of pump power levels, the length-dependent efficiency can be strongly influenced by the pump power. At high pump power levels, e.g., here, ࣙ5 W, the SHG efficiency shows a nonlinear optical limiting behavior, forming a plateau region where the efficiency is clamped regardless of the waveguide length. Further examination of the results show that the efficiency at the plateau decreases with the increasing pump power and the plateau forms at a shorter waveguide length with a stronger pump power. For a low pump power, e.g., 1 W, the SHG efficiency increases nearly linearly with the waveguide length, reaching more than 10% at the length of 10 mm. Therefore, as discussed above, due to the existence of nonlinear loss, high efficiency SHG process could be achieved with relatively low pump power levels at the expense of a prolong waveguide.
Conclusion
To conclude, we have outlined a configuration with a strong static electric field across a silicon waveguide to realize efficient SHG. We show that the wavelengths for the phase-matched fundamental wave and the second-harmonic wave can possess a red shift as a result of Kerr effect by a strong pump, which is a unique to such scheme. The externally applied electric field employed in our approach to interact with the optical fields propagating inside the silicon waveguide may enable great flexibility in controlling SHG, which are utterly important in future, for our study opens a door to promising applications in the mid-infrared region, such as electro-optic modulation and simultaneously conversion of mid-infrared signal for low-noise detection in the near-infrared region. By incorporating a chirped grating based phase-matching scheme, the operation band of this SHG process can be further expanded [29] , [30] , which may find great potentials in mid-infrared spectroscopy, optical communication, photonic quantum systems and integrated optoelectronic circuit [3] , [31] - [33] .
